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Abstract

Genetic Algorithms (GA) are a mathematical tool based on the mechanisms of the evolution
of species and are successfully applied mainly as function optimizers. They look for the most fit
solution for a particular problem, by means of the evolution of populations of data that, once
codified –generally a binary encoding– use genetic operators which iteratively produce new
and better individuals (binary vectors), in an adaptive search process that eventually tends to
converge to an optimum.

Many search techniques need much auxiliary information in order to work properly (gradient
techniques require derivatives, for instance). By contrast, GA have no need for all this auxiliary
information. As Goldberg says in [2]: “GAs are blind. To perform an effective search for better
and better structures, they only require payoff values (objetive function values) associated with
individual strings”. For that reason, they are an adequate tool for search and optimization
where the classical methods are not viable.

If a GA cannot find the optimum of a function in a reasonable amount of time, then this
function is said to be GA-hard. The characterization of these “difficult” functions still remains
open. In 1991 Davidor tackled this phenomenon by noting that in Genetics the interaction
between the genes affects the characteristics of an individual (epistasis1) and transferred this
approach to the present context, where the epistasis measures how the suitability of a candidate
optimum depends on the interaction between the different components of the vector representing
it. The mathematical formalization of this concept heavily depends on basic linear algebra and
allows to numerically estimate the difficulty of a large class of problems. More concretely,
associate to any real valued function f the vector

tf =
(
f(00 . . . 0), f(00 . . . 1), · · · , f(11 . . . 1)

)
=
(
f0, f1, · · · , f2`−1

)
,

and consider the 2`-dimensional matrix E` = (eij) ∈ M2`(R) (0 ≤ i, j ≤ 2` − 1), with eij =
2−`(` + 1 − 2dij), where dij denotes the Hamming distance between i and j. In 1995, Van
Hove uses the generalized inverse of the matrix E` to calculate the distance between any fitness
function and its projection on a space of linear functions, as a means to describe its epistasis. In
1996, Suys and Verschoren note that E` is an orthogonal projection and define the normalized
epistasis of a fitness function f as ε∗(f) = 1 −

tf E`f
tf f . In particular, 0 ≤ ε∗(f) ≤ 1. Moreover,

it appears that the functions with extreme epistasis value are rather easy to characterize as, for
examples, the functions with ε∗(f) = 0 are, not unexpectedly, exactly the linear functions.

Although the presence of epistasis is by no means sufficient to completely predict GA-
hardness, for large classes of functions (mainly those characterized by a small number of struc-
tural parameters), there is a strong link between experimental results leading to estimates of

1It derives from Greek words epis and stasis (“behind” and “stand”.)
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GA hardness and theoretical calculations involving normalized epistasis. As an example of this
phenomenon, let us mention the so-called generalized Royal Road functions Rnm defined over
binary strings s = s`−1 . . . s0 ∈ {0, 1}2

n
(of length 2n) by Rnm(s) =

∑
s∈σn,mp

2m where, we denote

by σn,mp the schemata #(2mp)1(2m)#2n−2m(p+1), (0 ≤ p < 2n−m), i.e.,

σn,mp = {s ∈ {0, 1}2n ; sj 6= #⇒ sj = 1}.

Unfortunately, calculating the epistasis directly from its algebraic expression is, in general,
very complicated. As an example, let us just point out the extremely long and tedious calculation
for the functions Rnm by Naudts, Suys and Verschoren, where the epistasis explains very well
the strange behavior of these functions, which are GA-hard in spite of their easy structure.

In order to avoid the complex calculations just referred to, in this poster we show how the
application of an appropriate change of basis allows us to write the functions Rnm in terms of
their so -called Walsh coeficients.

It is well known that the Walsh functions, which we denote by {ψt, t ∈ Ω`} , –where, for
any t ∈ Ω`, ψt is given by ψt(s) = (−1)s·t (s · t is the scalar product of s and t)–, form a
basis for the vector space of real valued functions on Ω` = {0, 1}`. In fact, if we consider the
2`-dimensional matrix, V` = (ψt(s))s,t , –which completely determines the Walsh functions– and
if we represent any function f by its associated vector f , then the components ωi = ωi(f) of the
Walsh transform ω of f –the so-called Walsh coefficients of f– are (up to a normalization factor)
just the coordinates of f with respect to this basis. The Walsh transform of f is determined
by its associated vector w = W`f , where the idempotent matrix W` = 2−`/2V` verifies the
recursion relation:

W`+1 = 2−
1
2

(
W` W`

W` −W`

)
.

Moreover, as W`E`W` = D`, where D is the diagonal matrix whose only non-zero entries have
value 1 and are situated at i = 0 and i = 2j , 0 < j ≤ `− 1, Naudts et al easily showed that

ε∗`(f) = 1−
ω2

0 +
`−1∑
i=0

ω2
2i

2`−1∑
j=0

ω2
j

. (1)

Using this expression, as well as the Hyperplane Average Theorem, which relates the suitability
of a scheme to the Walsh coefficients of the fitness function, we were able to greatly simplify the
calculations of the epistasis of the generalized Royal Road functions, by using the fact that to
calculate the epistasis of Rnm it suffices to calculate only a few Walsh coefficients. In particular,
we obtain ω0 = 2n−m ω with ω = 2m+2n−1−2m and, for any i1, ..., ik ∈ {0, ..., 2n − 1},

ω2i1+...+2ik =
{

(−1)kω if j · 2m ≤ i1, ..., ik < (j + 1) · 2m+1, 0 ≤ j < 2n

0 elsewhere.

Now, from identity (1) we easily obtain ε∗(Rnm) = 22m−2m−1
22m+2n−m−1

.

This method opens alternative means to calculate the epistasis of other functions.
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