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Abstract

We dimctizs the mltiple definitions of multivalued finchions and their suitabiity for cotrpitber algebra
mysberrs. We foctie the disctmeon by faking one specific problem and oonsideting how it e solved
uring different definitions. Our example problem i the classical one of calculating the mobs of a cubic
palynotmial frotn the Cardano fortmilse, which cotbain frackional powers. We show that some definitions
of these Fanclons testil in fottmilse that ate cotreck only in the sense that they give candidabes for
solttkicns; bhese candidabes tmist thet be besbed. Fottrtlae that ate bassd cn single-valted fimchote, in
cotttast, ate efident and diteck.

1 Introduction

Within the development communities of the various computer algebra systems (CAS), there have been
extensive discussions of the best way to define and implement multivalued functions. So far, thess discus-
gions have remainsd largely unpublished, but we believe that their publication is necessary and important.
Llany of those who have been connected with the development of LIAPLE can testify to the uncount-
able hours abscrbed by the (internal] debates surrounding the correction of the “squarercot bug™, a
multivalued-function bug. The wider mathematical community has at present few ways of learning about
the conclusions reached during thoss debates, and yet the experiences of CAS devdopers should be in-
fluencing mathematics and mathematical standards. For example, the Digital Library of Mathematical
Functions (http: //dlmf. nist. gov) is at present being prepared, and it is desirable that this standard
reference be aware of the stance of the CAS community (if it has cne] on multivalued functions. The
Openmath standard (see http: //wwe . openmath . org) includes principal-valus functicns [11], but although
this standard suits many purposes, it has not reached or influenced the vast body of mathematicians.

There is one area of ressarch in multivalued functions which is slowly developing a body of published
literature, and that iz the simplification of principal-value functicms, sse [13, 12, 22, 19, 2, 11, &, 4, 3].
Hewever, the underlying assumption of the aresa, namely that the principal value is the best way to
implement a multivalued function, is not an assumption that is uniformly accepted outside the CAS
community, and perhaps not even within it. In the wider field of mathematics, there are still many
reference backs and textbooks (and pecpls) that prefer definiticns other than principal valus

We think that part of the problem is the manner in which previous discussions have been held. The
questions typically debated in the past have been of the form

¢
tdoes vl =2 T
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It is natural to ask the question in this form, becauss this is the sort of equation containsd in all the algebra
texctbools, and all the reference books. The trouble is that when a group of people start to debate such
an equakion, every person is correct. One person will give a definition that makes the statement true, and
ancther will give a definition that malkes it falss, but as lon g as each system of definitions and implications
iz conzistent , both parties are correct. As a result, the unpublished discussions we have witnessed often fall
into predictable patterns. Each person stabes “When I was an undergraduate in university X, I was always
taught that ..". What faith we all have in our particular educations! Further, many discussions assume
that luman interaction is present. Computer Algebra systems are always striving for greater automation,
and that makes a difference.

We wish to introduce a new way of discussing the definitions. Hather than starting with an equation
that contains multivalued functions, and then converting it into another equation that contains the same
types of functions, we shall start with a problem that doss pot contain multivalued functions. Further,
the required solution does not contain multivalued functions either, and any multivalusd functions are
introduced only as intermediate expressions during the com putations. Then we can ask how the caleulabion
wold be implemented in & CAS. Our example problem is the computation of the roots of & cubic equation
using the formulae of Cardano [23]. Our equation is =° 4+ 3z — 2 = 0. All the quantities appearing are
ginglevalued, and the roots are thres unique complex numbers. 3o our question is how this problam is
solved using the different definitions of multivalued functions.

1.1 Things not being discussed

Solving equations is a4 topic about which everyone has opinions. Thus it is easy for a discussion to bacome
gide-tracked, following amy number of the meost abtractive and colourful red herrings. Some readers will
want to argue that explicit solutions of polynomial equations are too long and complicated as expressions
ever to be useful: they will prefer constructions such as RIAPLES FootOf. Others will worry about the
numerical stability of the formulas; they will prefer to apply Mewton’s method to the original equation.
Ztill others will baulk when they see the cube root of A compler mimber appearing in the formulas below:
they will maintain that there are no computational circumstances in which one ought ever to try to extract
a cube oot as part of a formula, especially not a complex cne. They would support this by observing
that, in the same ssnse, one should never compute a factorial, sinee in all cases in which it seams that a
factorial is needed, there is some better way to procesd.

All of thess objections, and many others, would be interesting paths to follow i the purpose of thiz arficle
were fo solve egquations. However, we are not solving equations, we are discussing multivalued functions.
The cubic equation is used here as an exampls which displays the problems of multivalued functions, whils
being familiar to many readers. Thesclution formulas are widely quoted — and misquoted — and therefore
they are good vehicles for examining multivalued functions.

12 Terminology

Cne of the themes of this paper is carity in notation and definition, and in order to be clear cursdves,
we nead to make one distinetion in language. We shall be discussing two different sorts of roots in this
paper: roots as in square root and cube root, and roots as in places where a polynomial is zero. Since cne
type of root is going to be enpressed in terms of the other type of root, there is a possibility of confusion.
Therefore, when we wish to refer generally to square roots, cube rocts and similar radicals, we shall call
them factional powers, and ressrve the unqualified word roof for the place where a polynomial is zero.
Motice the difference betwesn a. cubic root and a. cube roct; a cubic roct is & place where a cubic polynomial
is zero, whereas a cube root is a fractional powar.






